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_Almtract: l’}lis pa~,cr investigates the topology of sc]f-!Ilotiort
I[]anifolds for  selial  rcclunclallt nianipu]ators  Iritb  revolutc  joillt.s
ill tlIc IJrcse IIcc of joirlt liInits. It is krio!vr]  that the ~)rciruagcs
of sil!gular  taslipoi])ts  diviclc the cmlfiguration  space ir]to regions
WIICIC  self-llmtioll ]l~anifc)lcls  arc ho][lotopic.  Initially, wc clcscril)c
lIow self- llmtion  Il}allifolds rupture  as  we movc froln OIIC  rcgiorl
10 tlIc rlcxt. ‘I’l Ic in flucI]cc of joi I1t limits 011  those to~~olo~ics is
il]vcstigatcd  next.  ‘1 his aIlalysis  Icd to tllC discovcIy of the scllli-
siIi~(llaIity,  a IICW ty[m of singularity i]]trorfuced by the presc  IIcc
o f  joirlt Iilllits  iI1 ~cdu I1dant Illani))u]ators.  T\ ~-1)[)~  [J}anar rol)ot
is used to illus!ratc t]lr’ phc’nonmla  and a case study cx~llores t~le
concepts in ll]orc detail. T!]is is an il]lpc)rtallt  arlalysis  for global
rcduIldallcy  rcsolutipIl  ar]cl path plalll]ing  bccausc  it dcscritm tlic
crrll]lcctivity  as w’cll as the gctlcral  for In of self-lIlolioli IIlanifolcls.

1  JIltrocluctioll

f\n iillportwlt aspect irl t}lc study of redulidant manipulators is
t!Ic issue of self-rllotion. .k Icdullcfant  Iriar]ipulatol  g,encrates  i!lfi-
rlitc joirlt col!flguratiolls  for a g,ivc Ii cllcl-cflcctor  ~]ositiorl. “J’l Iosc
con frp,uratiorls call lIC desc[ibecl  by a L_initc Set of lI~aTlif~lds ill tile
coIlfigu IatioI1 sl)acc. 2 lICY  arc called  self-lnotiorl n~allifolds ~c-
causc  the cr!d-cflcctor  IcII1aills Il)otiolllcss  as \vc rccwlflgu  Ic t}!c
arill alo]lg those  rllmifolds,

~’onsidc’ring for\vald  kir,cnlatics  as the I1]a~,:

whc Ic 0 ( ~, t}]c cor!figu ration  space, arid z E W, the work space,
\vc dcsclibc  iIlveIsc  kirlc II]atics  as the prcn)ap:

\vt]clc M is a collcctioI] of rllaIlifolds  irl tlic  coIifigu Iatiol\  sl~acc
rcq]lcs[lltill~, all irilc]sc Illaps of the work space positioIi  2. [3]
~, IcscIIts  a good ir!troduction  to this issue  and in order to avoid
xnultiplc  ]Iotatio]]  wc will preserve most of the tcrIiis  defined there.

}]ascd on t}Ic arlalysis  of self rnotiorl Inanifold  topc)logics, the
corlflguration  space is divided irlto several rcgiorls called c-bur]dles.
Sc]f.l,,otioll  lr,ariifo]ds  within a c-bur,cllc are homotopic  (SCC  ]) Cf-
inition  1 ), rcl)rcscrlting  a horl)otopy  class. ‘~’he forward  nlap  of a
c- bund]c  is a w-street, a region in the work space. Since inl’ersc
kincr[latics  prodrrccs  a collection of n]anifolds,  the prcirnage  of a
u,-sl}cct is a collection of c-bundles. C-bundles arc separated by
co-regular surfaces. A co-regular surface is forl Ilally defined as:

C.$ . F-’’(Y”( s ) ) (3)

;v]lcrc s is a manifold of singular  configurations. 7“(S)  is refer Icd
to ir] [s] as a critical value rllarlifold  arid irl [11] as a jacobian sur-
face. It is illlportarlt, how,cvcr,  that .F(s) bc interior to the \vork
space. l{oundary  sir]glr]arities  do riot generate co-rcgu]ar  surfaces
in gc[lcra]  bccausc  they do not separate bclwccn  rcachab]c  regions

iIi tl)c }vor!i  space. ‘1’here is onc cxccpt,  iorl to that, llo\vc~cr, arid
\vc will explore it in the cmc study.

‘1’ilis ar, alysis irl tcrIIjs of r[ianifold n,aps  is uscfL}l for global
path p]alllling  and opt,  irllization. lt allows us to dcterrninc  how
to associate rcgiorks iIl the \vork s~)acc to regions irl t}le corifigu -
ratiorl space and }IOW  to co!lnect thcrn as a certain task is to be
performed. l~orthcrll,ore,  t}le corlrtcctivity  and topology of sclf-
rrloticnl niar]ifolds is ncccssary  for aIl cffcctivc  global redurldaricy
ICSOILltiOIl  stratc~y.

“1’}Ic Illain objcctivcof ttlis paper is to dcscrihc  hCr\v  joint lilllits
affect self-r)mtion toijologics,  hut irliti ally we present a discussion
011 ~~llat hal,llc  IIs to ti]c rllariifolds as \vc cross a co-rcglllar  surface.

‘1’}Ic ~Jaj]cr i s  orgarlizcd a_s fo]lc)ws. III t h e  Ilcxt sectioIl JYC
I,rovc a tllcoreIIl based orl a variation of the classic clcfinition of
hornotopy.  in section 3, we dcsc[ibc  tl,e self-motion topology
as we cIoss ;. co regular  SU1  face. ‘J’he i]lflucrlcc of joirlt liIl)its is
discussed ir] section 4. We introduce irI section .5 a IIe\v type of
singularity. Section 6 analyses the S1)O1:  AA1 Arm as a case
study. Sect, iorl ? is a surl~rrlary and conclusion.

2  l’relirllinarics

Givcll I,IIC following definition [7],

l)cflr, ition 1 1’u,o ,/Laps, j. : X -, Y or~d j, : .Y - ) Y arc
hon,otopic  ij there is o .vnooth map, J’ : A’ x I - } Y, f being the
il/terua//O,  f), such /hat f,’(z, O) = Jo(z) and F(T, l) = ~l(z), i.e.
JO Cfl?l be S,l!OOfh/y dcjormtd  LO j].

it is straightforward to prove that rIlaIlifolck within a c- bLIndlc
are horrlotol)ic. ‘1’his is done by taking F“ as tl[c n)anifold in-
verse kincl]latics  along a wo[!i space i)ath }vl]ich is irltcrior  to the
corre5poridirtg w-sheet.

IIo\vcvcr,  riot rtlrrch carl trc said about rrlarlifolds froln diffcrcr,t
c-bundles. ‘l’hey arc }Ictcro[opic (llorl-hc~r]lcltopic)  in general but
tl]crc  arc so[ile caws  where a srl)ooth fuI)ction conncctirig  thcnl
can bc found. ‘l’his in fornlation,  }lowcver, is of ]ittlc use if such
function dots not reflect the n,anipulator kincrnatics.  WC intro-
duce a variation of the definition above as follows:

I)efinitiorr 2 T w o  m a p s  rrre k-ho~notopic  ij they are ho7{iotopic
under the 7na74ipu[ator kinematics, i.e. }’ is driucn by the giuen
r:lanipulalor  inverse kinc7naiics: F(z, i) = M(z(i)), whfrc z(i)
is an end-efector sniootk  trajectory.

Ibscd on this definition, we can state the following thcorerrl:

Proofi Any Continuous path connecting rl]anifolds frorrl diffcr-
cllt c-bundles rnrrst cross at Iea..t onc co-regular surface, which
contains a sirlgrrlar point. ‘1’herefore, t}le manifold deformation
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]’igurc  1: g’}Ie }Iypclbo]a  X2 - y2 = c as c crosses zero.

function 1“, wbic}! is clrivcn by i n v e r s e  killeil~atics,  call not be
Slrloot}t.

Ncrticc that, since illi,crsc  kinm]iatics  is t},c driving  funct,iol,,
it is appro[)riatc  to collsider  a k-hon]otopy  clam m the class of
mltcctions of nla[]ifolds, ‘J’his class describes a collection of c-
bund]cs  as the pmnap of a si],glc w-sheet.

3  (~rossing C;o-l{egular  S u r f a c e s

At a si]]gu]ar point,  the di]llcnsiou of the self-)llotion is lc,cally
illclea~ecl by tllc  corrcs~londing, rlumbcr  of lost dcgrcm  of frecclol[l.
‘1’llis fact is easily obscLvcd by analyzing the jacot,iaTl r[latrix.

AIIY dillIcllsiollal  clccl’case in the range space is follo~vcd  LIY a
dilncllsio[lal  incrcasc  in tile  null space, since tbcy always add up
to tllc  Cli[,,cllsio[l  of t}tc clolnailt [9].

‘1’IIC local di)llc[lsio!ial illcrcasc  of the r]ull space is observed ill
t}lc mrifigrrlation  spaccof onc-degree-of-lcdurJdaJLcy rrrar]ipulatols
as t]lc illtelscctiorl  of t}vo st,lf-nl cotion curves. ‘J’his very a$pcct  is
tl)c Iea$c)ll for not Considering a self- nlotion  curve  contairlirlg  a
siligLllar l,oillt  as a rllanifold in classical tcrrlls.

It is irf)po[lal)t  to l,otc, however, that self-l[lotiorls ale re-
stricted to t h o s e  CUIVCS joined  a t  the  sillgu!ar  point.  III other
welds,  velc]citics CaTI be gc[icratcd  along 2 different directions,
but  l,ot alc,ng a!, arbitrary Iillcar col,lt>inatioll of tbosc  $2 d i rec-
tions as the jacohiarl  analysis  may suggest.

W C can easily cxtcvld this concept for multiple cleglccs  of
IC’dul]dancy, but  t}lis p}lcl]c~lnena is  best  visualimd  in tc[[ns c,f
cllrves  rattler t}lar) sLlr faces or rnultidimclls  iona] prirl~ itives.

T}lis  section descritjcs  how those 2 curves split as wc ri]ove
f!oll) or,c N-s})rct to the IIext. At the nci.ghborIlood of an irltcrior
sir]gula[ity,  L}IC self-rnotion rl)a[!ifolcls are s})a])cd as L,rar)ctlcs of a
hypcrtrola:

T2-rJ2:  c (5)

wit]) c < 0 in onc side, c > 0 in the other side and c = O at the
jacohiari  sulfate. ‘J’})is t[ arlsitioll  justifies the topology c}langc tre-
twccjl r]eig}lborin,g  Ii-bo!llotopy  classes.  If wc label  ttic 4 branches
crllcrgirlg  f[o]rl the singular  point as I, 2, 3 and 4 accordirlg  to
Figure 1, wc will scc tbc connections 1-2, 34 when c <0 and 1-3,
2-4 when c >0.

What happc~is outside this sufficiently small neig}iborbood  is

a glObd P1-operty and,  as such, depends on particular arm classes,
gco]netrics  and constrair]ts. At the singularity alld its i[nr],ediate
neighborhood, ]Iowcvcr, the hyperbolic patteru do!l~inatcs.  It is
also i~nportarit  to note t})at Figure  I is just a diffcomorphic  rcp-
rcscntatiori  of tllc pbcrlorncna. ‘l’he actual self-n]otiorr curves arc

l’igurc  2: Plar, ar Arln Work SJ,acc (top scil~i-disk showl,  cnily)

clrlbcddcd  in the configuration sl)acc which is Illultidirlle]lsiollal
arid not necessarily coplanar.

3 . 1  ~xample

~c,llsidcr the link lcngt}ls /1 = 6, 12 z 3 and 13 = 2 in the ~~lallar
ll)ani Imrlator shc)wll  i~l E’igurc 2.

‘l’he jacol,ian  surfaces showr~ at the Pular radius P = 5 and
7 diviclc the work space il!to 3 w-sheets. W-sllccts  1 and 3 arc
prclllappcd  into a sirlglc rcgioi! each in the corifiguratiorl  space
(c-bundles 1 and 3 respectively) as show in Figure 3, and t},c sclf-
]I]otion manifolds in those regions are diflcolnorphic  to a circle
{Figure 4).

\V-sheet 2, however, is prernappcd  into a pair of rcgioris ill the
configuration space (c-bundles 2a and 21J) and the self-nlotiml
manifolds arc dificomorphic  to a pair of circles (tllcrc  is an iderl-

tification  trctwecn points 360° apart).
llundles  ]I,arked with c)r,c or lnorc pril[ws (’) arc rcpctitioils of

the same patterrl onc revolution apart and s}lould bc considered
as the sal[lc burldlc  wlicn tbcre are Iio joint lintits.  “J’his sit Llatiml
will change if joint limits arc present, as wc will explore irl the next

section. Notice  also that, for sirliplicity,  thf.’ configuratiorl  s~, acc
is rcprcscrltcd  by its projection orlto the 0~% plar)c. l)UC tc) the

inval iancfi of the pattcr[ls with respect to the pc)lar allglc of the
cnd-cffector,  t}m tl!ird  dinwnsion  is easily obtained by slvccpirlg
the curves with respect to the 0, axis.

Figure  5 shows the connectivity an]ong

{0,

t)}c various bu[ldles.
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Figure 3: Planar Arm Cmntiguratiorl Space.
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l’iguIc  4: Self- Nfotion Nfanifcdd sarl~plcs.

Nodes Ic~JIcseIIt truIldlcs a]lr.1 cot,tain  rcfcrcncc  to the correspond-
ill~ self-IncJtiOI) Il]allifo]d topology. SOIIIe IIocles are clustered to

rcprcsc]lt  the collcctiorl of bulldlcs  premappcd  fro In a give Il w-
shcc~, ]’k~gc’s represent the txrrnsition fro[ll OIIC  bundle to t}lc next
thIOUKh a co-regular surfaCC l’his  gIal,h  provides corlcisc allcl
valuable illfor[I)atioI1 to assist a global pla[lllcr  in dcsigitillg  [~ath
strategies.

‘]’}Ic intc] ior sing’ulal  i tics are easily iderltified  as the irltcrscc-
tiorl of two C(II VCS. ‘]’hc fiIst singularity is .gilell by (02, G)  z
( l S OO, 180”) a[ld corIcsporIds  to the po]ar  radius p = 5. “J’llc sec-
ond sil]gu]arity  is F,ivcrl by (0, 180”) with p ~- 7. ‘1’hc bcmIldary
sirlgularities  ale marked  for reference only, since they play oI~ly a

rllarginal  role ill tile  cuIIcIlt  analysis. ‘J’hcy alc given by (180”, O),
p :  la,, rf(o,  o), p: 11.

Fir,ure  6 focuses oli tl,e  Vicirlity of tllc  2 intclior Sir]gulal ities,
s]loiving bo}v  tl]c rlcig}lbcrring  nlanifolds  convcIgc  to develop the
}Iypcrt,o]ic patter I,. llach self-r,)otioIL curve is labclled  with the
coIIcspolldi  Ijg }Jolar radius allcl rcfcrcncc  to tllc brrrldlc they be-
Iollg to.

4  J.oilkXjiulits

‘J’lIc glot, al t,cllavior  of Icdu!ldaf,t  rr]anipulators  is drastically af-
fcctcd  by joint lil[lits.

I{cvolutc  joint  s],acc plin~itivcs  w i t h o u t  lil,lits arc nmdcled
a.s ciIclcs,  siflcc a 360° rotation restores its initial configuration.
~;cllc’ralizirlF,,  a 11-] )ok’ rcvolutc-joill  ted  rllalliprrlator  has its CCIII  -
fi~}uratiol,  s],iic~  rllodclccl as a rl-torus.

Nlodclil,g a Icvolutc  joint  \vith ]in, its is in a \vay sirl]l)lcr,  tlc-
causc  it call be vic~vcd as an ir]terval rather than a circle. ‘J’he

m(

:*

c-2a
circle

c-1 I c-3

circlt Cllxlc
c.2b
circle

Iv lar

Figure 6: .Sclf-hfotion hlallifolcts near the l[ltcrior  Sirlgulal itics.

clltirc  configuration space of Ii][]itcd revolute  joints can be mod-
elcd as a n-I) }Iypcrcutm ratl]cr t}lan a n-torus. Ori the othcI
}Iancl,  the consequences to the self-rnotion topologies are rather
COIIl~)lCX, M we actdrcss irl tl]is sectiorl.

If several but limited rotatiot,s are allowecl at any joint, the
issue of n]ultii]lc  solutions rntlst  bc carefully analyzed. For arl
ulltroundcd  joilit,  a 360° rotation produces essentially the same
solution. ]lo\vever,  if tbe joi]lt range is bc>und cd, those solutior!s
r[lust be treated M diffetellt  Lccausc  their locations in the con fig-
UI ation space with respect to tbe lir[lits arc diffcrcrlt.  A plar}ar
2- II(1F revolute  manipulator has in .gc]]cral 2 solutions fc,r un-
bou]ldcd joirlts,  but if troth joi]lts  arc Lourldcd  to two rcvolutic.ns
eat}], t}lc nunlbcr  of distinct solutions bccolrics S.

Iln te[llls  of the nurnbcr  of distinct solutions, a limitless joint
behaves as a joirlt Iirllitcd  to a single revolution!. Fror,l tl, at poirit
ott, for every rotary joint  that dorrl~les its ran~e,  the rlurllber of
solutio]]s is doubled as well.

‘l’he prcsencc  of joint ]irnits  }las also a significarlt  inlpact  on the
topology of Self- r]jotiorl r]~allifc~lds.  \Vhell the joint lilllit  crosses
the interior of a c-bundle, the tc-hornotopy within that Lundlc is
disrupted and l,ew k-honlotopy  classes c]ncrgc.  New c~rcgular
surfaces are created, splitting the original trundle into se~)aratc
regions, each associated to a diffcrer]t k- bo][]otopy  claw.

4.1 Example (cont. )

W C clcscritrcd in sectio]~ 3.1 the self-motion manifold topologies
for the planar rr]auipulator  without joint lil,,its. If we consider

\ /- ‘, /-

w-l W-2 W-3
w-l W-2 W-3
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joints 2 and 3 both  Iirllited to the il]tcrval  [- lSOO, 360°] in Figrrrc
3, wc call see that self-rootion rnailifolds  prcrnapped  fronl a posi-
tion irl w-1 bccorm  diflcolllorphic  to a circle (bul]cilc c-1) arid 3
segnlc~lts (Iluncllcs c-1 ‘,c-l’’, c- 1“ ‘). Analogously, the  Ic-holnotopy
class of \v-3 will col]sist of lnanifolds  clill-colrlol ~Jl)ic to a circle alicl

3 scgrlwrlts.  ‘J’lIc w-2 sllcct will be ~,renla~}pcd to 3 C- LUIICIICS forr[l-
ing, a k-lioillotopy  class of IIlarlifolds diflcolllorptlic  tO 3 scglnents.
I’igurc  7 sholvs the corresponding connectivity griiI,h.

~~re ir,t~o~iucc at ,t}, is },oir,t  t}]C fo]loivirlg coI1strairlf,  s:

143 .5°<02< 173.5”
- 109°<03< 13s.5°

(6)

For  sirl)plicity,  w’ithout tming urlrealistic,  joir,t 1 is urllilllitcrl
in tljis  cxalnple.

Figulcs  8 al)d 9 show the  cfrcct such joint lil!lits  ~~roduce in the
colt figuration  and woI!i space topologies. ‘1’hc c-3 bundle (ligurc
3) is cut twice by t}]c Iirnits of 03, generating 3 diffclent  sut)-
bullclles. ‘i IIC irlrlcrrnost  bundle, c-9, corrcspollds  to the class of
self.rl]otio]l lilarlifolds  I!ot aflcctccl by the joint ]il Ilit S, contilluirig
to bc cliffcol)lork~bic  to a circle. C-S is cut once arid tllc rnal)ifolcls
bcco]lic  scpyncr]ts.

‘1’lIC tllil-cl region is cut twice and the prclrlap  becc][rics a pair
of scgr, ]cl, ts. Notice, hotvcvcrl t}lat this third pair of l,,anifolds
LCCOILICS  !+hcmotopic  to tllc r]]arlifolcls in the ricxt pair of bul]dlcs
(c-2a and c-2h ir, E’igurc 3) and wc can n)crgc  those  regions to
c~btaili c-7a and c-7b, lhloticc also that the oligilial  c o - r e g u l a r
snlfacc  W}lcrc p T 7 }Ias been rc]llovccl in this process. ‘J’bis is
clue to t}]c fact tl)at t}]c singularity w})icb \vas used to gencl ate
tJlat  surface IICJ lorlF,c’r bcloljgs to tllc con figuration  space.

l]y tlic  sar]jc tokcll,  the il]ricr Lordm of w-7 shifts florn  p = 5
to p = 4.5, where allotticr  factor conlcs irlto play. I)ue  to the
uI)pcr  limit of 02, a third bundle is forljicd  and the ~,rcmap of a
poirlt  in w-6 is diffcolnorphic  to 3 segments. ]n w-5 wc have  a
pair  of scgllmnts  and ill w-4 there is ouly ot)c scglflcnt.  ‘J’hc work
sl]ace irlncr  bouridary  \va-s c]langed frolll p = ] b p = 1,2.

}“igLlrc 10 shows the corres},oncling  conr,cclivity  graph.
Jrl orclcr to assist in the  visualization of these phcnorr]cna,  wc

have il]c]udcd  irl I“igure 4 a rectal]glc  corrcsl)ondil,g  to the joint
limits of this cxanlplc  arid all n]arlifolds  involved at their extended
shal)e.

tj ~’l]c Scrni-Singularity————-

Section 4 dcscribcd  t},c impact of joint linlits on the topolc,gy of
self-lllotion rllanifo]ds.  hlcw c.o-regular surfaces are created and
ill this sectiorl  we address the rcasonir)g  hchind  tile  aj)pearance of

Y
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l’igurc 9: \V-Shcc~s for 01,03 as ill cq. 6

tbosc surfaces.
A standard CL, (egulau surface is pivoted by a Illar]ifold of siri-

gll)ar corlfiguratiolls  (cq. 3). In those  singu]aritics,  the jacotjiarl
nlatrix  loses its full rank and thelcforc  velocities in a ccrtairl  \vork

space direction earl not bc gcrlcratCd. IN the planar manipulator
cxarnple,  it rncans that all three COII]IIIIIS  of tbc 2 x 3 jacobiarl
rrlatrix  arc Iincarly  dcpcr]dcnt  (aligned) a[ld the infeasible dircc-
tiol~ is orthogonal to those vectors. Notice that the singularity is
biclirectior)al,  i.e. if a ccltairl  velocity u is irifca.sihle, so is - U.

J= [j1j2 . ..jn] (-/)

q’hc new co-regular surfaces arc alsc, I,ivoted  by singularities,
but the description of those singularities is lilole involved. q’he
velocity dorllain of a joirlt at its limit is unidirectional, and so
bcccmlcs t},c space s},al)r~cd by the coI lesI,orlclirlg jacobiar,  co].
ulilrl. If the re]llainirlg  joiilts  do not gerlcratc  a full rank rllap, L}IC

corres~,ondirlg  configuration is in semi-singularity) ]Ilcaning that

a certain velocity v is feasible but  - u is r~ot.
At a starldard  sirigularity,  the rarrge sl,acc sh( ir,lcs fronl a hy -

pcrspace  to a hypcrplallc.  At a senli-sil!gulari  ty, the range space
bccorr]cs a sellli-hyl)crspacc.  ‘1’l)is corlclusiorl can also be used to
dctcrrninc  the shape of rnar,ipulability  elli~,soids. ‘J’his type  of
sirlgularity  produces a sell) i-ellipsoid.

l’hc  sarl)c Iirlc of rca.sorjing can bc rnadc fcm the case where
a scrni-singularity  occurs at the intersection of two or IiLore joirlt
lir,]its.  }Ieir,g at the joint lilrlit is thcrcforc  rrot a suflicicnt  condi-
tic,l, for thcoccurlcnceof a scrni. sirlgrrlarity. It is rccluircd that the
Xllanipulator bccorrlcs singular (or at least  scrni-singu]ar  in case of
rl]ultiplc  joirlt lir~lits) without the contributiorl  of the joint at its
]inlit.  Notice t}]c fundamcr,tal  difference in this respect bctwccn
rcdundarjt  a n d  non-rcrfulldarlt  rllar)i~)ulators. l’or rlon-rcdurldarlt
rllanipulators,  every cor~tlguration  with at least OJLC  joint at its
linlit  is autorilatically  scrlli-singular  hccausc  t})c rerI,aiIling  joints
can not restore full rank.

The ncw co-regular surfaces dcscribcd  in scctiori 4 arc pivoted
by serni-singrrlaritics  which are n)apped  to t}le interior of the work
spaw. ~’hOSC  senli-sillgular  ities which do not generate c~regrrlar
surfaces actually dctcrn]ir]c  the ncw boundary of t}lc work space,
as wc discuss in the next wction.

5.1 Example (cont. ).. —.— — —— .

In this seclion  wc will describe the serni-singularities encountered
in Figure 8.

l’here arc 6 Serrli-singularities  in the example given by eq. 6,
which are labellcd  A to F in Figure 8. Semi-singularities A, B and
~ occur at the joint 3 Iirnits  and configuration A is displayed in
Figrrrc 9. Notice t}lat the  cnd-effecter is aligned with link 1 and



“1’able 1: l)cnavit-l  Iartenbcrg  paranlctcrs for the AA] Arm.

w-4 w-5 w-6 w-7 w-8 W.9

l’igurc  10: (hlliecti~ity  Graph for 02,03 as in eq. 6

tllcrefolc both joirlts  1 and 2 generate clicl-ellcctor  vclc~citics tall-
gcnt  to tlie  cizclc p = S. Joint 3 can not fold itself  ally further and
the.rcfolc t}lc crld-cfrcctor  can riot enter into the w-7 shcwt. nut
the opposite direction is feasible and t}le arlIJ is capable of mov-
i n g  tllc c[ld-cfl’cctc~r illto u-S  at this ccrnfiguratiori. Al!alytically
we IIavc:

fi3 <0, dct([jl j,]) 1 0. (s)

‘J’IIC  sall)e situation happcl)s  at cor!figurations  11 and ~. ATotice
tha t  i f  the  jo in t  3 lir]lits  were syrrlrllctric  With rcsljcct to OS =
O, the smni-singulariti~s  A arid 11 would bclol]g to the saloc  co-
[cgrrlar  surface and the c-S bundle ~~ould disappear. hrotice also
that sclni-singulal  i tics are easily recognizable in t}!c collfigulation
space. as l~oints wlIcre the self-motion n]anifo]ds  are tarlgcnt to tbc
joir!t lil!lit sLll face. l]! fact, this scrI1i-singularity  l~ropcrly provides
a lrlcthod  to search and identify scnli-singu  larities along the joint
li,l]it  surf:iccs.

‘J’hc scn~i-sil]~ular itics  1) al~d K occur at the joint 2 lillLits but
t}lcy arc clifkcrcnt iri rjaturc  fror[l the 3  p r e v i o u s  oIIcs. l)oirlt 11
F,cncratcs  a co-regular surface but it is itself not gcc)[l,ctrically
collllcctcd  to it. ‘1’his is duc to the fact that the self-rnotion rl]alli-
fold assc,ciatccl to D is tal]gc.nt fro[n the outside of the joint  rarl.ge.
l’oillt  1) still pivots a co-regular surface because tile self-rnotiol,
IIlanifold  gcllclatcs a branc}] irlsidc the corlfiguration  range,  sep-
alatirig c-4 flolll c-5a.

l’oint  K is also ~,art of a self-rrlotior, mar]ifold which is tarlgcnt
tc, the joillt  liIIlit frc,rn  the outside, but it did zmt gcncratc a co-
Lcgulal surface. ‘J’his is due to the fact that it corresponds to the
IICW  ir)llc] llc)l]lldary of the work space and, as such, CIOCS IIot have
t}lc se~,arating  cfrcct  that interior singularities do.

“1’](C last  scllli-si Ilgtllarify,  l;, occuls  at t}lc irltersccliorl  of tlvo
joi]lt  Iirr)its. ‘J’hc self-nlotion manifold corlcsponding,  to F is tan-
~erlt at a cor]lcr and tbc configuration is also disl,layed  in k’igurc
9. It is semi-singular because both jacobian  columns subjected to
tl,c  jc,ir, t Iiroit  constraints are pointing into w-6 and therefore it
is not }jossible to rliovc tbc cnd-effcctor  into w-7. ‘1’he rcrllaining
3 co] I,crs of t})c configuration space are not semi-singularities be-
cause OI)C vector pc)ir]ts irlwarcfs white the other points outward
arid tbcrcforc the configuration is still full rank.

Notice that scnli-singularity  F (and the entire C-6C bur,dle  for
that rmattcr)  corresponds to a configuration where links 1 and
3 overlap. If we arc to avoid that, wc rrmst add this constraint
to cq. 6, rcrnoving  C-6C from the joint range. A S it happens i n
general, the rcnloval  of a singularity from the configuration space
is follov,,cd  bY tile disappearance of the corresponding mregular
surface. In this case,  rclnoving  C- 6C causes the n,crging  of w-G
with w-7 in t},c work  spacz and c-6a with c-7a, c-6b with c-7b in
t}]c corjfigllratiorl  space,

i
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--105°<04<105°
--165° ~ f+ <165”
- 10 T’<O6  <131”
- 1 3 0 ° < 0 7 < 2 2 ”

f?g unlirr,itcd

6 Case StucIv: ‘i’he A A l  Art]]. .

II, this section we will apply the concepts prc.wntcd  in this paper
to the 8-degree-of-frecdoln roarlipulator,  called t}ic AA I Arrrl.

l’he  l)crlavit-  }tartcllbcrg  parar]ieters  and the joint limit corl-
strairlts  for the AA I Arln arc show Ii in “J’ab]e 1. ~igurc  11 shows
the Arrll and its work space.

A parar]dcrimd inverse kinetllatics  for this n~anipulator  is
readily available, as well as tbc syrr)holic inverse jacobian [7].

‘J’hc rnanipu]ator  is natura)ly  dccon)posa}~]e into two sub-arjl)s
serially corirlcctcd.

‘1’he u~,~,cr part is a rcdur,dal!t  spherical }vrist, responsible for
the orientation of the end-effcctor. ‘1’hc Io}ver part is prirllarily
responsible for positioning, but the orientation of the erid-cflcctor
is ncjt invariant wit}r respect to tlm self-rrlotion of the lower part.
l,, other words, the self-lliotior,  of the upper part dots r,ot require
any counteractiorl  from the lower part, but the lower pal t sclf-
lllotic)rl rlmst in general be conlpmsatcd by the upper part irl

01 dcr to prc.se] vc the elld-cffcctor  positiori and oricntatioll.
I$re will clcscribc the AA I Arlll self- tliotion in t~vo scctio[ls.

‘J’hc first scctiorl ariclrcsscs the positiorling  self-lllotiorl due to the
lower part. l’t,c  oricr, tation self-nlotion duc to the upper  part ir,
addressed in the second section.

I

Figure 11: l’hc AAI Arm and its work space.
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ollirlg Self-  h40tion k’igure 14: Cor]l]ecti\rity GraI,h  for the lower ~,art of the AA I Arrll.

‘l’tie lo\vcr pmt  of tlIc /\AI Arlr] corltaills  four joi]lts.  ‘J’he origirlal
Ctcsigrt i], cluclcs joint lir,,its  for the first joint as well, })ut in this
I,a],cr  we \vill collsidcr  joilit  1 wit}lout lirllits  in order  to allow the
visual  izatiorl  of co-rrcgular surfaces icl 3-1).

IIa.wd CU, tl, is si!!lp]ificatiorl,  the 3-1) work space is lcprcsc’nted
by its 2-1) cylilldcI- gcrlcratrix, a s  ill l“igurc 12. Jn otllcr woldst
the mII)I)lctc  wol!i ,spacc is obtained by a rotational sweep of
the gc[lcratrix  al>cnlt tbc  vertical axis, Ivliicll coincides with the
joirlt 1 axis. ‘Jihis ~,loccdu[e  allows us to repress],  t the killcl]latic
nlap  as frorl) a 3dir11c11siOrlal  cmfigll[aliol]  Space  (o~, OS, 04) to a
Z-cli, nc], sio], al tvork space (the gcr,cratrix).

F’igulc 13 shows the c-bundles and co-regular sulfaccs  obtai],cd

for all sir,gularities  a], d scr, ]i-singula!i tics of t},c lower palt. ‘J’}, irl
lillcs  ale self-motion rcl,rcselitativcs alor,g a co-regular surface.
‘J’hc t}lic!icr Iillcs rcplcscnt SOIIIC  of tile  sc:]]i-singu larities encouli  -
tcrcct in t}, is case. l’i~,rlre 14 sl,c,lvs t}]e corrcs},ondi],g  con[,cctivity
gral,h.

‘J’}Ic sillgulal  itics  arc:

1. ‘Jlc

2. ‘J’t,c

lilies givc[, by 02 =. 0,0s  :-90° ar, d 02 = 0,03 = - 90”

p l a n e  giwrl  t]y o.I = o.

,W

Figure 13: ~-l]uncllcs  for the lower part of the AA] ArI1l.

‘JIIc scllli-singularities ale:

1. “J’he Iillcs given by 0 2 =
-103”,03 = 0,04>0.

2. onc curve in each of the
165°  al]d 03 =- - 165° (no

3. ‘J’hc ~)lallcs given try 04 =

105°,03 = 0,04 < 0 and 02 =

joint li]llit surfaces given t,y 03 =.
analytic clcscriptiou is al’ailable).

105° and 04 = - 105°.

\Ve mentioned in the introduction section that boundary sin-
gularities  do not gcl,cratc  co-regular surfaces bccausc  tl,cy  do not

separate between reachable regio]ls irl the work space. In order to
scpmatc a ~r~-di][lcllsiollal  rc.giol] w,c rlcccl a constraillt  of ctirr]cu-
siorl at least 711 - 1 (a poirlt separates a lillc, a line separates a
~]lane, a ~,laric separates a 3-J) rcgiorl, ctc). A jacol,ian  surface is
orthogonal to the singLllar  cfircction and is usually of Clilnciisioll
~{t -  1 ,  coI)sidcril]g tliat oIIly or]e dcglce of  frccdorll is ]crst.  ‘1’hc

addition of self motion to those singularities produce surfaces ill
the configuration space of din)erision ~n -- 1 + r =- n - 1, w}lerc
r- is the ctegrce of rcdundallcy,  and as such they can separate the
ri.dirllcllsiorlal  configuration] space. lly this sinlp]c dirricnsional
alla] Ysis, Wc collcludc  that r adniissiblc  rlull space spanning VCC-
tors arc nccclccl in order to produce tlic scparatilig  effect.

}Ioullclary singularities (sillgularitics  occurril,g  at tbe  bound-
ary of the \vork space)  arc uncscapahlc  by nature, i.e. no self
r]lotion is capable of Icstorillg  full rank [2]. In n]c~st cases,  the
nult space s~)an[lil]g vectors at bourtdary  si[ip,ularities arc unad -
r[lissible, i.e. there is no self-nlotion at SUC}I  configurations and
the inverse map is just a point (or a set of points due to symme-
try). ‘l’he result is a surface of dirrmrsion m --1 enlbcdcled  in a
n-dimensional space. This surface can not sqm.rate the configu-
ration space, by the salrm rezr.son that a poirtt call not separate a
plane.

This phenomenon is easily visualized at the cxarnplcs  in t}w
previous sections, where a boundary singularity is prernapped  to
a point in the configuration space, unlike the ~rcn~ap of irrterior
singularities, which arc curves.

However, there are cases where a null space vector lnay be
adniissihle  at a boundary singularity. For instance, if we have a
positional manipulator and a rotary joint with its axis intersecting
the end-effcctor  at its boundary, the null space Ve+or duc to that
joint  velocity is admissible. This cme study is an exan]ple  of that.
At the outer boundary (04 = O), the joint 3 axis intersects the cnd-



(a) Ih.  spheric.,1 r.dundan{

m:, nip.latnr.

]’i,gulc 15: ‘]’}Ic Si,hclical  Rcduudfir, t hlarliI,ulaLm a n d  i t s  woIk

s})acc lcIjrcscl]tatiOrl.

cficctor. ‘J’hc Illallifold of t}iose sil,grrlar coflfl~,uratior, s is a plarlc
rather than a lirlc, Since those singularities ale urlcsctil}atjlc, the
co-lcp,ular  surf am is (1II.’ very sir]gularily  IJlallifold: ~~.! =. S.

A I,oundaly  surface collliects  to a sil, p,lc \v-sl,  cct il]stcacl of
two. Ttlclcforc,  a cmc~ulal surface due to a boundary singularity
IIlallifold can only se~)aratc hetw’ccn buucllcs of t}lc sal!lc w-sheet.
‘J’hc gral,h  in l~igurc 14 shows two  cor]r,ectiorls t,ct}vccn difrercr,t
bor, dlcs frol,l t}~c }~lcrnap c,f w3. ‘J’liose collllcctiolls  arc produced
by tl]c 04 = 0 p lane .

‘1’hc work space boundary sefl,i-sirlgulari  ties  given by 04 T

:1 105°  a l so  cor!tain adloissiblc null sl,acc vectors and tl)crcfo~c

i,roducc co. rcgulal surfaces. }Iowcvcr,  no additiorlal  illforlrlatiorl
is cal r icd out hy t}]osc tivo planes hccausc  they rcprcscnt  t}lc work
Sl)a CC I,ourjdary  at tllc collflp,uration sl~acc tjouIldary.

G.2 -(Jric]]tatioll Sel f -hfc) t io l l

‘J’})c oj,I]cr l,alt of t}, e AA I Arili also cor, sists  of four joir,ts,  but

]“igurc 16: ~-bundles for t}Ic rrppcr part: O < p <90”.

l~igurc 17: ~- burrdlcs for the up~)er part: 90°<  p < 1 3 0 °

it) this ca-sc  our n]anifolrl rilap is complete because joint 8 is unlilrl-
itcd  try dcsigri. It is t}lcrcforc suflicicrit to describe the cfircction
of the approac}lillg vector, again a 3-1) to ?-1) IIlap. ‘1’hc diIcctior  L

of the apprcrachirlg vector is rcl)rcscnted  by a point  01) thc  surface
of a sphere (Figure 15).

III order to visualize the work si, acc ill t;vo dinlensions,  we al,-
ply a topological dcfor[natioll  of the sphere, utili~il]g the  [iatural
opcnirlg at the bottol!l  produced by the joint  lilllits  (l~iguic 15).

Analytically, tbc rmluudallt  forward I,lap just dcscribccl is rcplc-
sctltcd  by the follow iIlg, set of equations iIl polar cool diriatcs:

p = (OS-”I(C6C7) (9)

~ = Atar,?(c$sGcT + SSS,,CSST - SSSGC7). (lo)

‘1’hc polar radius p represents the angle hetwcen the app[c,ac}l-
illg vector as ar~d t}le vertical axis of the upper part, CJ4. ‘1’}Ic

~Jolar  a!lg]c f#J rc~)rcsc[)ts t h e  a[!gk t)ctw~cll t})e projectio]l  o f  0,9
onto  the  plarle pcrpclldicular  to ai and the  IIor JJial vcctol  7L4.

Notice t})at Frarnc  4 is t})c encl-cffcctor  flan}c for the lower par t
as \vcll as the hasc frarl]c for the upper part. ftquation  10 Illay be
factorized to 05 -I t a n- l(sGc,/s7) for t}ie al,propriatc  arctar,gcnt,
\vllicll dcll]orlstratcs  t}lc d i r e c t  rclatiorls}lip t]ctwccn OS arlcl tllc
l,c)lar angle ~.

}:igurc 15 sho}vs  t h e  jacobian surfaces as they separate tllc
v:ork space into 25 w-sheets. ‘Jlic jacobian  surface given by p =
90° is hig})lightcd bccarrse  it is due to the only interior singular-

ity of this arl!]  and i t  separates  the configurat ion space into 6
regions, nar!md }/1 to 1{6 as in Figure 18. Since this surface di-
vides the work space into two regions, it is cmvcnient  to analyze
cac}l of those regions separately. l>igure  ]6 shows  t h e  c - b u n d l e s

prcmappcd  from the inner circle O < p < 90” into rcgior}s R],

K! and 1{3. Figure  17 S}JOWS the c-bundles prcrnappcd  frorll t},c
outer ring 900 < p < 1300 into regions R4, Ifi arid ~i~. ~ir~ally,

E’igure ]6 s}iows the cor, r,cctivity  graphs for the inner and outer
part as well as the cor, ncctions  froIn onc to tlic other through the
co-regular surface given by p = 90°. For sin,plicity,  the topo!ogy
of the node is not included, In this cam, all manifolds arc seg-
Il]cnts.  FrrrtberI[]ore,  the  nodes  do not  cmltain the full rlall)c  of
the t,undlc because of lack of space. I’he full name can be irifcrrcd
frorr] the corI  csponding w-sheet it prer,,aps to.
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kbr cxaInl,le,  the  top lcftnmst  node is labclled  “a” and it is a
prcr]]ap  of w12,  tbcrefore  its full Ilalnc is c12a.

Note the colllplcxity  of this case, as conlparcd  to the sarllc
cxalllplc  lvilhout  joint  lilllits. Ill t}]c later case, t}lc cor,l,cctivity

glapl,  would collsist  of oIIly  4 nodes and 4 links. ~’his  is a cori-
cretc Cxal]]l,lc of ]iow t}lc prescllcc  of joi[lt lill)its  can dr~~tically
i[lcrcasc  the colnplcxity  of manifold maps. Givcll the fact t}lat
most r[~allipulator  dcsi,gns incorporate such constraints, it is inl-
pcrativc that wc understand the effects those constraints produce
and clcsign  mrt}iods  to allalyzc and explore it. ‘l’his paper is ai[llcd
at i.})is \’cry poirlt,  I\ascd  on tllc  properties of scnli-singularities,
t}lc cr,tire pruccss  can bc auton,ated and even bc utilized as a dc-
sigll ~laral]lctcr  to optirliizc  the global pcrfornlancc  of redundant
rllanipulators.

7 S~lm]nary  and C o n c l u s i o n—— —.- —--—....—— .-—.

As the lnarJil)ulator  CIOSSCS  a co-regular surface, the self-motion
rl)anifolds  arc rurjturcd  like branc})cs of a hyperbola passing through
tllc  ccl)ter. Ibis effect justifies the appearance of different k-
hornotopy  Cla-SSCS  and ultilI]atcly  determines the connectivity of
con figuratiorls  across neighboring bundles. A connectivity graph
can LC  gcrlcratcrJ  and the  ill fornlation contained in it can be used

at the top lCVC1 of a global planner to detcrlliinc  strategies to

ol)tln]~ly  satisfy  a given set of constrairtts.
The introduction of joint Iinlits reshapes the entire topology of

self-rl~otion rrianifolds and creates new types of singularities which
arc unidirectional ill uaturc. “i’hcy were called semi-singularities
bccaux the range space in the abscncc  of a direction becomes a
semi-space.

As the dilr,cl,sion of t},c system increases, the topology effects
of joint limits  bccmnc  even more severe, justifying the need for
an adequate frar)lew,ork and basic princip]cs  to be used for the
a n a l y s i s  o f  r e d u n d a n t  n}anipulators. In this F)apcr,  the frarllc.
w,ork of rnarlifo]d  r[laps  has been refined and b~sic pri[lciples  were
introduced, SUCII as sellli-singrrl aritics  and their corrcsporldil)g  co-
regular su rfacm..

A case study  presents prelili~irlary results on the application
of the concepts discussed in this paper to a spatial redundant
Jllanipulator.

We arc currently pursuing the irl, plcl,,crltatiorL of a global re-
dundancy resolution and planner algorithrll  which will benefit
from the discoveries prcsclltcd  in this paper.
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